Introduction
The present paper deals with the existence of general equilibria in economies with an infinite dimensional commodity space. The infinite dimension is brought about by the fact that we employ an infinite horizon (discrete time) model. The economic context is given by the exploitation and use of exhaustible natural resources. It turns out that this framework gives rise to several serious problems if one tries to apply standard results from the vast literature on economies with an infinite dimensional commodity space. This introduction sketches these problems, thereby motivating the research reported in the sequel.
The first, and central, problem lies in the choice of the commodity space. When the economy is an economy with raw materials from exhaustible resources as the only commodities, it is quite natural to choose 11 as the commodity space, as has rightly been put forward by Zame [1987] in his examples. One should in that case even be dissuaded from choosing loo. This can be seen as follows.
Example 1
Consider an economy with one producer and one consumer. The production set is The initial endowment vector (J) is given by « 2 I 2 ,0, 0, ... ).
(1-~)
Of course the only share equals unity. The consumer is the initial holder of the resource stock which amounts to 1I~2(1 -~2). Part of it is sold to the producer (y (0», who extracts y (1), y (2), ... , at no cost.
Conditions (i)-(vi) of Theorem 3 in Bewley (1972) are satisfied. Hence, if there is an equilibrium with a price system in the topological dual of 1 00 (with normtopology), which seems to be a natural requirement, then there is an equilibrium, denoted by (1t, i, y) where 1t(> 0) is an element of 11' So 1t (the price system) may be considered as a sequence p (t) 1;':0, where p (t)~0 for all t~O. It is clear that p (0) > 0, 1ty == 0 and that the consumer maximizes U (x) over the set -3-L p (t) x(t)~P (0) 00(0) 1=0 Hence p (t) > 0 for all t, x(t) > 0 for all t, Y (t) > 0 for all t~I and, as a consequence, p(t) =p > 0 for all t~O. So 1t~1 1 and the economy has no equilibrium (at least with 100 as the commodity space and prices in its dual).
However, when the raw material enters into the production sets less trivially and is not the only commodity, 1 1 is no longer eligible as the commodity space, as is shown in the following example.
Example 2
Consider an economy whose (aggregate) production possibilities are described by a production function with capital (K) and resource commodities (R) as inputs. Gross output in period t is given by
with 1 > al > az > O. Here K (t -1) is the stock of capital available at the beginning of period t.
Gross output is used for consumption pUIposes (C) and (net) investments:
The initial capital stock is given: Ko. The total initial stock of the resource is denoted by So. So the economy faces the constraint L R(t)~So .
1=1
A typical element of the economy's production set is given by Now take K(t) =(t + I)Ko, C(t) =B(Y -K o withB and 'Yyet to be determined. Then y-a,
(*) So there exist B and ' Y such that the integral constraint (*) is satisfied. Therefore the production set is unbounded.
It is clear from this example that 1 1 is not the appropriate commodity space and. moreover, that with 100 serious problems may arise. One could argue that, with a positive rate of time preference on the part of the consumers, equilibrium allocations will be in 1 00 • so that one could safely -4assume loo to be the commodity space. This conjecture is false in general. It has been shown by Dasgupta and Heal [1974] that with constant returns to scale and a CES specification of the production function with an elasticity of substitution larger than unity, a centralized economy with a utilitarian social welfare objective, will enjoy unbounded future consumption, even with a positive rate of time preference. This of course also holds for a general equilibrium with one consumer. Admittedly, CES functions of the type described above are rather special in the sense that none of the inputs is necessary for production. When it is assumed that both inputs are necessary, as will be done in the sequel, other problems may arise. These are related to an assumption which is commonly made in the literature and which is referred to as "uniform properness", (Richard (1986 » "boundedness of marginal efficiency" (Zame (1987 », "universal technical substitutability" (Zame (1987 and the like. It is not an easy task to check for a given production set whether this condition holds or not. But the example below shows that for a technology description which is quite popular among economists the assumption does not hold.
Example 3
Consider again the Cobb-Douglas economy of the previous example. Denote the maximal sustainable constant rate of consumption by Cmax(K o , So) . It is shown in Withagen (1989) that for the continuous-time analogue we have C max(K0, So) =(1-(2) {(al -(2)Gz S~Kgl~}1I(l~)
In discrete time C max will be of the same form. We adopt Zame's boundedness definition.
Boundedness of marginal efficiency says the following:
There exists M > 0 such that for all y E (Ko, So, C(1), C(2), ... ) E Yand all a =(ab a2) with O~al~K o , O~a2~So there exist a real number p(O < P < 1), a vector b (t=I,2, ... ) and IIbll~MUpaU. Since in the economy under consideration both inputs are necessary, it seems plausible at first sight to take loo as the commodity space, so that the norms in the definition are to be interpreted as loo-norms.
with A:= (1-<X2)(<XI -<X2) I~. We show that for any M there exists K 0 such that Ilbll oo~M P KII(1, 1)11 000 This boils down to showing that there exists K0 such that
This is an easy exercise: let K 0 go to zero. Note that M P is bounded. l-(l-p)al/lT his example suggests that there exists a large class of economies for which it is likely that loo is the appropriate commodity space but where boundedness conditions such as Zame's fail to hold, implying that the standard results cannot be applied. It is even possible to construct nonpathological examples where II is the appropriate commodity space and boundedness of marginal efficiency does not hold (in those examples there exists q > 0 such that F (K, R) < qR for all K > 0, where F is the production function).
We have a major difficulty here. Dasgupta and Heal's (1974) work leads one to the conclusion that with bounded derivatives of the production function, consumption and production will be unbounded in equilibrium, so that loo is not appropriate "ex post", whereas with unbounded derivatives (or in the absence of bounded efficiency), loo seems to be appropriate "ex ante" but no standard results can be invoked in this case.
In our opinion, this conclusion and the fact that in applications involving production functions, the assumptions of the standard literature are difficult to check, provide a strong motivation for the development of another technique to solve the existence problem in general equilibrium models with exhaustible resources.
There are others who have dealt with the existence of general equilibria in resource economics. Dasgupta and Heal (1974) have already been mentioned. But their model is typically a one sector model. Chiarella (1980) employs a two country model with unilateral ownership of the resources and the non-resource technology and uses only Cobb-Douglas specifications. Finally, Mitra's model (1980) bears some resemblance to ours but he uses a homogeneous production function and a bounded utility function, which seems to be crucial in his existence proof along the lines set out by Koopmans (1965) , Gale (1967) , Brock (1970) and McKenzie (1968) .
The sequel of the paper is organized as follows. Section 2 describes the model we employ and -6shows the existence of a general equilibrium for each finite horizon (or truncated) economy. Section 3 goes into the boundedness properties of the general equilibrium allocations in the truncated economy. Section 4 establishes the existence of a general equilibrium in the infinite horizon economy. Finally, Section 5 contains the conclusions. As a final remark it should be stressed that we focus our attention here on an existence theorem and not on the description of possibly interesting features or characteristics of an equilibrium. For this we refer to Van Geldrop and Withagen (1988) .
The model
In this section a description is given of a general equilibrium model of an economy with exhaustible resources and the existence of a general equilibrium of the finite horizon case is established.
-Commodities
There is a non-resource commodity, which serves as the only desirable consumer good and as input and output of the production processes. This commodity can be interpreted as an aggregate, perfectly malleable, non-resource commodity. Furthermore there are m~1) types of resource stocks from which a homogeneous raw material is extracted. It should be noted that the resource stocks will be distinguished from each other by extraction costs, while the extracted raw material R is the same for all of them.
Hence we can describe the set M of commodities by
The commodity space is a subspace L c IR M , the set of all functions x : M~JR.
Given x E JRM we list the image as follows:
So, a commodity bundle will be represented as
Production
There are n + m production sectors.
The first n~1) sectors produce the non-resource commodity, C, using extracted raw material, R, and the non-resource commodity as inputs, according to technology Fj(i =1 ... n). Production takes time. We define the production set Y~) by
Here, resource stocks are considered formally as inputs. Moreover, k(t) is introduced as an artefact. It represents the current stock of the non-resource commodity C as a capital input, without depreciation, in production. It is not lost during the production process.
, leaving the sector, and new capital input k(t). Note that (C, 0) is a necessary input here.
About F j the following assumptions are made (we omit the index i when there is no danger of confusion).
Al F is defined on JR;, is continuous, concave and weakly monotonically increasing
Al is quite standard and needs no further comment. A2 incOlporates the necessity of both inputs.
A3.1 implies that the average product of the raw material is bounded. In case of A3.2 the reader -8may recognize familiar elements from neoclassical growth models.
Extraction is carried out in the sectors n + 1, ... ,n + m. It requires the input of the non-resource commodity, which is not lost during the production process. Production takes no time. The technology displays non-increasing returns to scale.
The production set y~) in sector n + j is defined by:
Here G/XR) are the costs, in capital, necessary to extract an amount XR from the resource stock of typej.
So we postulate that sector n + j only exploits OJ and that for all t there must be available a nonnegative (accumulated) amount of capital.
About G j we make the following assumptions A4 G j is defined on JR;, is continuous, convex and increasing, Gj(O) = 0; j = 1,2, ... ,m
Consumption
There are H consumers, indexed by h = 1, 2, ... , H all of them having X = JRlf as the consumption set. The initial endowments are w h , where
So, each consumer has at least a positive amount of capital at t = 0, but no endowments in the future.
The consumers hold shares in the production sectors given by oh =(oh.l ... oh,m~h, 1 '"~h,n» 0 For such a truncation we denote a price-system 1t > 0 by
Because, until now, we have no topology on L c JRM, due to the fact that L is not specified, we are not committed yet to define the price-space, as a subspace of the dual L *.
Remark
One can think of several economic frameworks for which the above model is an adequate description. Perhaps the most appealing setting is a world model with H countries, each possessing a stock of an exhaustible resource (m =H) and a technology to convert the raw material and capital into a commodity that can be used for consumption purposes and investment (n =H). Each country has to make costs to extract the raw material. The factors of production are perfectly mobile between countries. Each economy aims at the maximization of a utilitarian welfare functional. The current accounts are not required to equilibriate but of course total discounted expenditures are not allowed to exceed total discounted income: this condition constitutes a budget constraint for each country. In the present interpretation &=,j =&~.j =1 for h =j.
-10-Another framework is of course a closed economy with many consumers, producers and resource stocks.
It should be clear that we employ here the Arrow-Debreu dated-commodity framework. In such a world the assumption that trade in resource stocks only takes place at the outset is obviously innocuous. It is even convenient since no explicit account has to be taken of savings and investments: interest rates follow from the trajectories of the consumer prices.
Aggregation
It is our aim to investigate the behaviour of the finite-horizon equilibria when T goes to infinity. It will be convenient to consider an aggregate version of the production set, taking into account the fact that consumers are interested only in the commodity (C, t), which is an output of the sectors yy), using the extraction output of the sectors Y~).
Hence we redefine M as follows:
The commOdity-space is a subspace L of IR M .
Given x E IR M we list the image as follows
where, obviously, {O 1, ... , Om} is identified with
Once again it is assumed that each truncation L (T) is a subspace of L. (2) L ri(t-1)::;; L eit-1);t;:: l. The consumption sets are defined by: 
Remark
One caveat is in order here. If for some horizon T the disaggregated economy E (T) has a general equilibrium then obviously there exists a general equilibrium for the aggregate economy E(T) with the aggregate shares (5h properly chosen, namely as the proportion of the total profits in the disaggregated economy each consumer is entitled to. Conversely, if for any distribution of shares in aggregated profits there exists an equilibrium in the aggregate economy, the disaggregated economy has an equilibrium for the initial distribution of shares. In the sequel we therefore confine ourselves to showing the existence of a general equilibrium in E(T) and without loss of generality it will be assumed that the shares (5h are fixed.
In the sequel of this paper we will show that equilibrium allocations of the finite-horizon aggregated economies are uniformly (with respect to n bounded. Then the same holds for the disag- x~maximizes £(_1_)1 Uh(X(t)) over the set
Proof: This theorem can be proved using fairly standard techniques (see e.g. Arrow and Hahn (1972». The economy satisfies all the usual conditions sufficient for the existence of a general equilibrium, except for co h E int X h (h =1,2, ... , H). But there obviously exists a compensated or quasi-equilibrium without this assumption. In order to prove the theorem then it is sufficient to show that in such an equilibrium the incomes inputed to the consumers are positive. This is a simple exercise: it makes use of the fact that in a compensated equilibrium not all prices are zero and that such an equilibrium is Pareto-efficient. 0
Properties of the finite horizon general equilibria
In this section some properties of the general equilibria described in the previous section will be established. The focus is on the uniform boundedness of equilibrium prices and quantities.
-
We derive, for fixed T, several properties of the equilibria of E(T). While doing this, we omit the subscript T in all symbols.
Theorem 3.1
There are constants cjlh > 0 such that for all h :
For all t with 1~t~T there are a(t);:: 0 and~(t);:: 0 such that, in equilibrium, for all t and i (kj(t -1), 'j(t -1» maximizes -14- This is a standard, but tedious exercise in finite-dimensional optimization. The sequences a and 13 have their roots in Lagrange-multipliers.
0
Now assume that a(t) =0 for some t. Then we have from (3.4) that for all i Fj(k, r) -p(t) r is maximized by (kj(t -1), rj(t -1) .
So 130) > 0 and rj(t -1) =0 for all i, and hence Fj(k, r) -130) r:S; 0 for alii and all (k, r);;:: (0,0) .
Then it follows from (3.7) in Theorem 3.1 and the definition of general equilibrium that
h jĨ n other words, if for some T there is some t with aT(t) =0, then there is a constant~such that for alliF j(k,v)S~rallk~O,r~O.
Or, otherwise stated, all functions F j satisfy Assumption A3.1, and there is a uniform upperbound for all allocations in the equilibria.
Remark: L =II will then be an appropriate choice.
If for all t~1 aCt) > 0, we observe the following:
(i) there is a uniform upper bound for -y (0) and y (1) (ii) if aCt) < P := min Ph then it follows from (3.3) and (3.9) that for all h
and thenxh(t) < xh(t -1) for all h which, together with 3.11, yields:
Let S > 0 be the total initial endowment of all resource-stocks of the consumers.
----Then Fj(kj(t -1), S)~pkj(t -1), and kj(t -1) S kj where kj > 0 satisfies Fj(kj, S) =pkj. Moreover, it follows from 3.6 that K (t -1) =Dj(t -1) + LGjCejCt -1» S '£kj + LGjCS). In showing the existence of a general equilibrium for the infinite horizon we shall also use boundedness of the initial marginal utility and of the prices. To prove these boundedness properties we define -16 - 
So
We can now easily derive the following Lemma 3.2 There are~> 0 and V > 0 such that for all T:
Summarizing, we state the following Theorem 3.2 Each finite-horizon economy E(T) has an equilibrium (x}, Pr, Yr) . There are
PT (t) We normalize prices by setting Pr (0) := 1. This is certainly the most appropriate choice if all Fj r are of type A(3.1), where L = 11. But, in general, when normalizing prices by L. Pr(t) =1, t~m where L =100• it may tum out that, in the limit, P (t) = lim Pr(t) =O. This implies that the 11-part r.-.+oo of a limit-price will be zero. So, in that case the limit-price system is purely-finitely additive and each consumer's income equals zero.
Existence of an infinite horizon equilibrium
In this section we prove that there exists a general equilibrium for the infinite horizon economy.
The method of proof is to show that the limit of the finite horizon equilibria exists and satisfies the definition of a general equilibrium.
In view of Alaoglu's Theorem and the results of Theorem 3.2, we know that there are The convergence is pointwise. Without proof we used the fact that Y is closed with respect to pointwise-convergence.
Although we would be obliged, formally, to use the subsequence T b we suppress the index k and denote the convergence by: T~00.
lt is our aim to show that (x h ,p, y) is an equilibrium for £(00). First of all we observe that
Given y E Y, we define p' y:= L pet)· y(t) $ 00 (note thaty(t)~O;t~1) . Proof.
(i) O~x\t)~y(t); t~1; so p' x h < 00 by the previous lemma.
Lemma 3.2.iv says
For T > T* and T large enough, we have T* I L (P (t)xh(t) -PT(t)x1(t» I < ;
1=0
Now we use the identity:
(ii) The proof goes along the same lines as in (i) making use of the fact that y (t) =Lxh(t); t~1 ;p . y~V; and h -20-(iii) and (iv) are now trivial by (i), (ii) and the properties of the finite horizon-equilibrium.
0
In the sequel P and R will denote strict preference and weak preference respectively. Proof: The proof is given in three steps.
Step 1 For all e > 0 and all xE l~there are x' E l~and T* E IN such that:
This x' has the desired properties.
Step 2 For all e > 0 and all y E Y we have p • y~e +PT· Yfor T large enough.
Proof of Step 2:
00 Given e > 0 and y E Y, fix T* such that 'L p (t) yet) < t e.
I=T*+l -21 -
T"
Take T > T* such that 1: (P(t) -PT(t)) Y(t) < +E.
I~m

T" l'
Then P • Y-PT· Y= 1: (P (t) -P1'(t)) y(t) -1: PT(t) y(t) + I~m t=1'''+1 co + 1: p(t)y(t) <+E+O+tE=E .
t=T"+1
Step 3 x'(t) =0 for t > T* .
So, for T > T* and T large enough, we have x'phx }, because xRhx h .
Hence PT· x' > PT· x} =PT· (ro h + '()hy1')~PT. (ro h + '()hy ).
The (strict) first inequality occurs from the fact that consumer h could choose x' in the economy with horizon T.
T"
On the otherhandPT· x' =L P1'(t)X'(t) < Proof: Uh(i(t» -Uh(Xh(t»::;;; u'h(Xh(t 
Uh(i(t)~: :;;; Uh(Xh(t~) + u'h (X\O» (p (t) Theorem 4.1 (xh, p, y) is a general competitive equilibrium for the infinite horiwn economy.
Proof: This is a combination of the previous lemmata.
Conclusions o o
The central issue of the present paper has been the existence of general competitive equilibria in a model with exhaustible resources. It is argued that for obtaining existence one cannot rely on the results derived in the theory of infinite dimensional commodity spaces nor on Hamiltonian approaches. Our method of proof is to show the uniform boundedness of equilibrium allocations in finite horizon economies and to prove subsequently that the limit of the truncated equilibria constitutes a general equilibrium for the infinite horizon economy.
